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A NOTE ON STRONGLY CONTRACTING GEODESICS IN TREE OF
SPACES
ABHIJIT PAL AND SUMAN PAUL
Abstract. For a tree of proper geodesic spaces with edge spaces strongly contracting
and uniformly separated from each other by a number depending on contraction function
of edge spaces, we prove that the strongly contracting geodesics in vertex spaces are
quasiconvex in tree of spaces.
AMS Subject Classification : 20F65, 20F67, 20E08
1. Introduction
Let X be a geodesic metric space. Let σ ≥ 0. A subspace Y of X is said to be σ-
contracting if diameters of nearest point projections to Y of metric balls disjoint with Y
are bounded above by σ. We say Y to be strongly contracting if it is σ-contracting for some
σ ≥ 0. For example, geodesics and horodisks of hyperbolic plane are strongly contracting.
For more details about the contraction properties of subspaces we refer the reader to look
into the work of Arzhantseva, Cashen, Gruber, and Hume in [1]. A subspace Y of X is
k-quasiconvex if all geodesics of X with endpoints in Y lie in a k-neighbourhood of Y . In
this article we prove the following:
Theorem 1.1. For all σ ≥ 0 there exists a number R > 0 depending only on σ such that
the following holds:
Let X be a tree of proper geodesic spaces whose edge spaces are σ-contracting and uniformly
R-separated. Then every strongly contracting geodesic of a vertex space is quasiconvex in
X, where the quasiconvexity constant depends only on the contraction constant.
An immediate corollary of it is the following :
Corollary 1.2. Let X be a tree of proper geodesic spaces. If all the vertex spaces are
uniformly hyperbolic metric spaces, edge spaces are uniformly quasiconvex in vertex spaces
and they are sufficiently uniformly separated then vertex spaces are quasiconvex in X.
2. Strong Contraction
Let (X, d) be a geodesic metric space and Q be a subspace of X. The nearest point
projection of a point x ∈ X to Q is given by πQ(x) = {z ∈ Q : d(x, z) = d(x,Q)}. If Q is
closed and X is proper then πQ(x) is always non-empty.
Definition 2.1. (Strongly Contracting Subspace) Let σ ≥ 0. We say that Q is σ-
contracting if for all x, y ∈ Q,
d(x, y) ≤ d(x,Q) implies diam(πQ(x) ∪ πQ(y)) ≤ σ.
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We say that Q is strongly contracting if Q is σ-contracting for some σ ≥ 0.
Theorem 2.2. ( Geodesic Image Theorem[1], Theorem 7.1) Q is a σ-contracting subspace
of a geodesic space X if and only if there exists constants κ
′
σ and κσ such that for any
geodesic γ in X lying outside κσ-neighborhood of Q, the diameter of πQ(γ) is at most κ
′
σ,
where κ
′
σ and κσ depends only on σ.
Lemma 2.3. Let E be σ-contracting and properly embedded in a geodesic metric space
(X, d). Then
(i) any X-geodesic between two points of E lies in 3κσ+κ
′
σ-neighbourhood of E, where κ
′
σ
and κσ are constants from Theorem 2.2.
(ii) there exists K ≥ 1 depending only on σ such that E is (K,K)-quasi-isometrically
embedded in X.
Proof. (i) Let x, y ∈ E and γ be X-geodesic between x and y. If possible, let [p, q] be the
subsegment of γ which lie outside κσ neighbourhood of E, then by Theorem 2.2
diam(πE([p, q])) < κ
′
σ
So ℓX([p, q]) < 2κσ + κ
′
σ . Hence γ lie 3κσ + κ
′
σ-neighbourhood of E.
(ii) Let x, y ∈ E and γ : [0, l] → X be a X-geodesic with γ(0) = x and γ(l) = y. Let
xi = γ(i) where i ∈ {1, ..., [l]}. Then d(x, x1) = 1, d(xi, xi+1) = 1, ..., d(x[l], xl) ≤ 1. Now,
d(xi, πE(xi)) ≤ 3κσ + κ
′
σ = M (say). Thus, d(πE(xi), πE(xi+1)) ≤ 2M + 1. As E is
properly embedded in X, there exists K = K(M) > 0 such that
dE(πE(xi), πE(xi+1)) ≤ K.
Now consecutively joining πE(xi)’s by a E-geodesic we obtain a path γ˜ between x and y
in E. And we have dE(x, y) ≤ ℓX(γ˜) ≤ [l]K +K ≤ Kd(x, y) +K. 
Lemma 2.4. Let Q and E be σ-contracting in Y then there exist constants C1 and D1
such that
d(E,Q) > C1 implies diam(πQ(E)) < D1.
Proof. Fix a point x0 ∈ E. Let x be an arbitrary point in E and γ be a Y geodesic
between x0 and x. Then by previous lemma γ lie in 3κσ + κ
′
σ-neighbourhood of E.
Choose C1 = κσ + 3κσ + κ
′
σ = 4κσ + κ
′
σ . Now d(E,Q) > C1 implies d(γ,Q) > κσ then by
Theorem 2.2
diam(πQ(γ)) < κ
′
σ .
Hence diam(πQ(E)) < 2κ
′
σ =: D1. 
2.1. Tree of Spaces.
Definition 2.5. (1) Let (X, dX) be a proper geodesic metric space. P : X → T is said
to be a tree of geodesic metric spaces if X admits a surjective map P : X → T onto a
simplicial tree T , such that the following holds:
i) For all s ∈ T , Xs = P
−1(s) ⊂ X with the induced path metric dXs is a geodesic metric
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space Xs.
(ii) For a vertex v in T , Xv = P
−1(v) will be called as vertex space for v. Let e be an edge
of T with initial and final vertices v1 and v2 respectively. Let Xe be the pre-image under
P of the mid-point of e, Xe will be called as edge space for e. There exist a continuous
map fe : Xe×[0, 1] → X, such that fe|Xe×(0,1) is an isometry onto the pre-image of the
interior of e equipped with the path metric. The maps fe|Xe×{0} and fe|Xe×{1} are proper
embeddings into Xv1 and Xv2 respectively.
(2) Edge spaces in a tree of geodesic spaces P : X → T are said to be R-uniformly separated
if dX(Xe,Xe′ ) ≥ R for any two distinct edges e, e
′
of T .
Definition 2.6. (Strongly contracting edge spaces) Let σ ≥ 0. We say that the edge spaces
of a tree of spaces P : X → T are σ-contracting in vertex spaces if for all edge spaces Xe,
fe(Xe×{0}) and fe(Xe×{1}) are σ-contracting in respective vertex spaces.
3. Main Theorem
Let P : X → T be a tree of proper geodesic spaces. Let σ ≥ 0. Assume edge spaces are
σ-contracting and R(σ) := 2C1 +2D1 +48σ-separated (where C1 = 4κσ + κ
′
σ, D1 = 2κ
′
σ).
Consider a vertex v of T . For an edge e incident on v, we denote the image fe(Xe×{0})
of edge space contained in Xv as Ye. Let x, y be two points in the edge space Ye. Let
γ : [0, l]→ X be a X-geodesic with γ(0) = x, γ(l) = y such that for all t ∈ [0, l], γ(t) 6∈ Ye
i.e. γ does not intersect Ye other than end points.
Lemma 3.1. The geodesic γ does not intersect any other edge space other than Ye.
Proof. Let e1, ..., en be the edges other than e incident on v such that γ penetrates the
edge spaces Ye1 , ..., Yen i.e. there exists si, ti ∈ (0, l) such that γ(si), γ(ti) ∈ Yei with
dX(γ(si), γ(ti)) ≥ 1. For each Yei penetrated by γ, let γ(si) be the first entry point and
γ(ti) be the last exit point. Replace the portion γ|(si,ti) by a geodesic in Yei joining γ(si)
and γ(ti). This results a path γv in Xv joining x and y.
Suppose γ intersect other edge spaces non-trivially. Then we can construct γv as above.
Consider the C1-neighbourhood of Ye in Xv . If possible, let γ
′
v be the subsegment of γv
which lie outside the C1-neighbourhood of Ye. Let p and q are the endpoints of γ
′
v and n
be the number of edge spaces penetrated by γ
′
v. Since egde spaces are R(> C1)-separated,
so p and q will lie in γ ∩ Xv. Now projecting γv to Ye and using the fact that Ye is
σ-contracting, we get from Theorem 2.2 and Lemma 2.4,
(n− 1)R ≤ dX(p, q) ≤ dXv(p, q) ≤ 2C1 + nD1 + (n + 1)κ
′
σ
this implies,
R ≤
2C1 +D1 + 2κ
′
σ
n− 1
+D1 + κ
′
σ < 2C1 + 2D1 + 3κ
′
σ
which is a contradiction. Hence γv ⊂ Nbhd(Ye;C1) ⊂ Xv, As edge spaces are R-separated
and R > C1, γ does not intersect any other edge space other than Ye .

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The underlying idea of Lemma 3.1 is present in the work of Szczepanski [2].
Let η be a ρ-contracting geodesic of a vertex space Xv, for ρ > 0 and let x, y ∈ η.
Let α : [0, l] → X be an X-geodesic with α(0) = x, α(l) = y. Without loss of generality
let α(t) 6∈ η, for all t ∈ (0, l), i.e. α does not intersect η other than end points. Then P (α)
will have diameter atmost 1 by Lemma 3.1.
Let s(1), s(2), ..., s(l) be the edges of P (α) incident on v. Let vi be other vertex of s(i).
Let αi be the portion of α such that end points of αi lie in fs(i)(Xs(i) × {1}). Then by
Lemma 3.1, αi lie in Xvi . Let ai, bi be end points of αi. Then lXvi (αi) = dX(ai, bi). This
implies dXvi (ai, bi) = dX(ai, bi) and hence αi is a geodesic in Xvi . Let βi be the maximal
subsegment of α containing αi such that the end points of βi lie in fs(i)(Xs(i)×{0}) = Ys(i).
Let pi, qi be end points of βi. Then pi, qi ∈ Ys(i) ⊂ Xv. Now following the proof of Lemma
2.3 (ii) we get a path β˜i between pi and qi in Ys(i), for which βi lies in (M+2)-neighbourhood
of β˜i and there exists K
′
(M) > 0 such that ℓXv(β˜i) ≤ K
′
dX(pi, qi)+K
′
. This also results
in a truncated path β˜ in Xv which is concatenation of β˜i’s and subsegments of α.
Now
lXv(β˜) =
l−1∑
i=1
dX(qi, pi + 1) +
l∑
i=1
lXv(βi) + dX(x, p1) + dX(ql, y)
≤ K
′
l−1∑
i=1
dX(qi, pi + 1) +K
′
l∑
i=1
dX(pi, qi) +K
′
dX(x, p1) +K
′
dX(ql, y) + lK
′
= K
′
dX(x, y) + lK
′
≤ K
′
dX(x, y) +K
′
dX(x, y)
= (2K
′
)dX(x, y)
Hence β˜ is a (2K
′
, 0)-quasi-geodesic in Xv . As η is ρ-contracting there exists κ(K
′
, ρ) >
0 such that β˜ ⊂ Nbhd(η;κ). This implies α ⊂ Nbhd(η;κ +M + 2) since each βi lies in
(M + 2)-neighbourhood of β˜i. Hence we have the following theorem.
Theorem 3.2. Let X be a tree of proper geodesic spaces where edge spaces are σ-
contracting and R(σ)-separated. Then every strongly contracting geodesic in vertex space
is quasiconvex in X, where quasiconvex constant depends on contraction constant.
Example:
Let G be a finitely generated group with a finitely generating subgroup H. Let ΓG
denote the Cayley graph of G with respect to some finite generating set. Let K be a coset
of H in G. We construct a one dimensional simplicial complex H(K) corresponding to K,
it is called combinatorial horoball.
• 0-skeleton of H(K), H(K)(0) := K(0) × ({0, 1, 2, · · · }),
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• 1-skeleton of H(K), H(K)(1) :=
{
[(v, 0), (w, 0)] : v,w ∈ K(0), [v,w] ∈ K(1)
}
∪
{
[(v, k), (w, k)] : v,w ∈ K(0), k > 0, dK(v,w) ≤ 2
k
}
∪
{
[(v, k), (v, k + 1)] : v ∈
K(0),≥ 0
}
.
Let ΓhG be the space obtained by gluing H(K) to K in the Cayley graph ΓG. Suppose
G is hyperbolic relative to H. Then the augmented space ΓhG is hyperbolic and G acts
properly discontinuously on ΓhG.
We consider a subcomplex Hcm(K) of H(K) whose 0-skeleton is K
(0) × ({m + 1,m +
2, · · · }). Let (ΓhG)
(m) = ΓhG\H
c
m(K). Then G will act properly discontinuosly and co-
compactly on (ΓhG)
(m) . Next we consider the subcomplex of ΓhG whose 0-skeleton is
K(0)× ({m}) and denote it by Hm(K). It is known that peripheral subspaces are strongly
contracting, for instance see Lemma 2.3 of [3]. So, K’s are strongly contracting in ΓG.
The Hausdorff distance between Hm(K) and H0(K) = K is bounded by m. Let A be a
subset of diameter r in H0(K) then the projection of A into Hm(K) has diameter atmost
r
2m
in Hm(K). Thus, Hm(K)’s are strongly contracting in (Γ
h
G)
(m) and if the contraction
constants for H0(K),Hm(K) are respectively κ0, κm then κm ≤ κ0. Then we can choose
large enough m0 such that Hm0(K) and Hm0(K
′) are R(κ0)-separated for all distinct K
and K
′
. Let T be the Bass-Serre tree of the graph of groups G ∗H G. For every vertex
of T take a copy of (ΓhG)
(m) and glue along appropriate translates of Hm(K) whenever
there is an edge between two vertices. So we get a locally finite tree of spaces, say X,
where G acts properly discontinuously and cocompactly on each vertex spaces, (ΓhG)
(m).
G ∗H G will also act on X properly discontinuously and cocompactly. X satisfies all the
assumptions of Theorem 3.2, hence a strongly contracting geodesic of G is quasiconvex in
G ∗H G.
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